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Â ñòàòüå ðàññìàòðèâàåòñß ðåøåíèå çàäà÷ òåîðèè íàëîæåíèß áîëüøèõ
äåôîðìàöèé äëß òåë êîíå÷íûõ ðàçìåðîâ è àëãîðèòì ðåøåíèß ëèíåàðè-
çîâàííîé çàäà÷è.
The method of stress analysis is presented for the problem of loaded ending
size bodies with interacting holes is considered under ﬁnite deformations.
The problem is formulated and solved using the theory of superimposed
large deformations.
Êëþ÷åâûå ñëîâà: òåîðèß óïðóãîñòè, áîëüøèå äåôîðìàöèè, ëèíåàðè-
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Ââåäåíèå. Â ðàìêàõ íåëèíåéíîé âßçêîóïðóãîñòè ïðåäñòàâëßþò èíòåðåñ çàäà-
÷è î ïîýòàïíîì íàãðóæåíèè òåë ïðè áîëüøèõ äåôîðìàöèßõ. Ïîñòàíîâêè è ðåøåíèß
ýòèõ çàäà÷ ìîãóò áûòü ïîëó÷åíû íà îñíîâå òåîðèè íàëîæåíèß áîëüøèõ óïðóãèõ
è âßçêîóïðóãèõ äåôîðìàöèé. Ýòà òåîðèß áûëà ïðèìåíåíà ê ðåøåíèþ ðßäà êâàçè-
ñòàòè÷åñêèõ ïëîñêèõ è îñåñèììåòðè÷íûõ çàäà÷ î êîíöåíòðàöèè íàïðßæåíèé îêîëî
îòâåðñòèé, îáðàçîâàííûõ â ïðåäâàðèòåëüíî íàãðóæåííîì òåëå [1]. Ðàíåå òàêèå çà-
äà÷è áûëè ðåøåíû òîëüêî äëß áåñêîíå÷íî ïðîòßæåííûõ òåë, ïîýòîìó ðåøåíèå ïî-
äîáíûõ çàäà÷ äëß òåë êîíå÷íûõ ðàçìåðîâ íîâî è ïðåäñòàâëßåò îòäåëüíûé èíòåðåñ.
Â äàííîé ñòàòüå ïðåäëàãàåòñß ðàçâèòèå ïîäõîäà, èñïîëüçîâàííîãî äëß áåñêîíå÷íî
ïðîòßæåííûõ òåë íà ñëó÷àé, êîãäà òåëî èìååò êîíå÷íûå ðàçìåðû [5].
1. Ïîñòàíîâêà çàäà÷è. Ïîñòàíîâêà çàäà÷è îñóùåñòâëßåòñß ñ ïîìîùüþ òåî-
ðèè ìíîãîêðàòíîãî íàëîæåíèß áîëüøèõ äåôîðìàöèé [1]. Ïóñòü òåëî èç âßçêîóïðó-
ãîãî ìàòåðèàëà ïîä äåéñòâèåì âíåøíèõ ñèë ïðèîáðåëî ê ìîìåíòó âðåìåíè t1 íà-
÷àëüíûå áîëüøèå ïëîñêèå äåôîðìàöèè. Äàëåå â òåëå îáðàçóåòñß îòâåðñòèå. Èñ-
ïîëüçóåòñß ñëåäóþùàß óïðîùåííàß ìîäåëü, îïèñûâàþùàß îáðàçîâàíèå îòâåðñòèß:
â ìîìåíò âðåìåíè t1 íàìå÷àåòñß íåêîòîðûé êîíòóð, è ÷àñòü òåëà, îãðàíè÷åííàß èì,
óäàëßåòñß, à äåéñòâèå èçâëå÷åííîé ÷àñòè íà îñòàâøóþñß çàìåíßåòñß ïî ïðèíöèïó
îñâîáîæäàåìîñòè îò ñâßçåé ñèëàìè, äåéñòâóþùèìè ïî âíîâü îáðàçîâàííîé ãðàíè÷-
íîé ïîâåðõíîñòè. Ïðè ýòîì âíóòðåííèå íàïðßæåíèß ïåðåõîäßò â ðàçðßä âíåøíèõ
ñèë.
61
62 ËÞÄÑÊÈÉ Â.À.
Äàëåå (â òîò æå ìîìåíò âðåìåíè t1) ýòè ñèëû ìãíîâåííî èçìåíßþòñß äî íóëß,
ñ÷èòàåòñß, ÷òî ýòî íå âûçûâàåò äåôîðìèðîâàíèß òåëà â äèíàìè÷åñêîì ðåæèìå.
È òåëî, ïðèîáðåòàß (òåðßß) äîïîëíèòåëüíûå áîëüøèå äåôîðìàöèè, ïåðåõîäèò â
ñëåäóþùåå ïðîìåæóòî÷íîå ñîñòîßíèå.
Çàòåì, â íåêîòîðûé ìîìåíò âðåìåíè t2, êîãäà â òåëå, áëàãîäàðß âßçêîóïðóãèì
ïðîöåññàì, ïðîèñõîäßùèì â ìàòåðèàëå òåëà, íàêîïëåíû äîïîëíèòåëüíûå áîëüøèå
äåôîðìàöèè, â íåì îáðàçóåòñß ïîäîáíûì îáðàçîì âòîðîå îòâåðñòèå. Ôîðìà êàæäî-
ãî îòâåðñòèß èçâåñòíà â ìîìåíò åãî îáðàçîâàíèß, òî åñòü ôîðìà ïåðâîãî îòâåðñòèß
çàäàíà â ïåðâîì ïðîìåæóòî÷íîì ñîñòîßíèè (â ìîìåíò âðåìåíè t1), à âòîðîãî  âî
âòîðîì ïðîìåæóòî÷íîì ñîñòîßíèè â ìîìåíò âðåìåíè t2.
Îñíîâíûå îáîçíà÷åíèß:
τk  ìîìåíò îáðàçîâàíèß k-ão îòâåðñòèß;
k
∇  ãðàäèåíò â áàçèñå k-ão ñîñòîßíèß;
∇  ãðàäèåíò â áàçèñå òîãî ñîñòîßíèß, â êîîðäèíàòàõ êîòîðîãî ðåøàåòñß çàäà-
÷à;
f (i)(t) âåêòîð ¾ôèêòèâíûõ¿ ìàññîâûõ ñèë äëß i-ãî ïðèáëèæåíèß â ìîìåíò
âðåìåíè t;
Q
(i)
j (t) âåêòîð ¾ôèêòèâíûõ¿ ïîâåðõíîñòíûõ ñèë íà êîíòóðå j-ão îòâåðñòèß
äëß i-ãî ïðèáëèæåíèß â ìîìåíò âðåìåíè t;
k
γ
i
-ãî îòâåðñòèß â k-ì ñîñòîßíèè,
k
N
i
 íîðìàëü ê
k
γ
i
.
×åðåç σ(t) îáîçíà÷èì òåíçîð ïîëíûõ èñòèííûõ íàïðßæåíèé â ìîìåíò âðåìåíè
t, σ(i)(t)  ïîïðàâêà îò ó÷åòà ýôôåêòîâ (i+ 1)-ãî ïîðßäêà äëß òåíçîðà σ(t).
×åðåç Ψ(τ, t) îáîçíà÷èì àôôèíîð äåôîðìàöèé, íàêîïëåííûõ â òå÷åíèå ïðîìå-
æóòêà âðåìåíè îò τ äî t,Ψ(i)(τ, t)  ïîïðàâêà îò ó÷åòà ýôôåêòîâ (i+1)-ãî ïîðßäêà
äëß òåíçîðà Ψ(τ, t).
Òåíçîðíàß ìåðà G(t), õàðàêòåðèçóþùàß ïîëíûå äåôîðìàöèè, íàêîïëåííûå â
ìîìåíò âðåìåíè t (ñîîòâåòñòâóåò ìåðå Ãðèíà):
G(t) = Ψ(0, t) ·Ψ∗(0, t), (1)
ãäå ∗  çíàê òðàíñïîíèðîâàíèß.
Òåíçîð
k∑
(t) îáîáùåííûõ ïîëíûõ (â ìîìåíò âðåìåíè t) íàïðßæåíèé, îòíîñß-
ùèõñß ê áàçèñó k-ãî ñîñòîßíèß:
k∑
(t) = [detΨ(0, t)]−1Ψ∗(τ−k , t) · σ(t) ·Ψ(τ−k , t) (2)
×åðåç u(t) îáîçíà÷èì âåêòîð ïåðåìåùåíèé îòíîñèòåëüíî íà÷àëüíîãî ñîñòîßíèß
â ìîìåíò âðåìåíè t, u(i)(t) ïîïðàâêà îò ó÷åòà ýôôåêòîâ (i+1)-ãî ïîðßäêà äëß
âåêòîðà ïåðåìåùåíèé u(t).
Ïîñêîëüêó â ìîìåíòû âðåìåíè τi ïåðåìåùåíèß ìåíßþòñß ñêà÷êîîáðàçíî, óñëî-
âèìñß îáîçíà÷àòü ÷åðåç u(τ−i ) ïðåäåë u(t)ïðè t>τi ñëåâà, à ÷åðåç u(τ+i )- ïðåäåë
u(t)ïðè t>τi ñïðàâà. Ó÷èòûâàß, ÷òî òåëî íàõîäèòñß â i-ì ñîñòîßíèè â ìîìåíò
âðåìåíè τi ïåðåä îáðàçîâàíèåì i-ãî îòâåðñòèß, âåêòîð ïåðåìåùåíèé èç (i-1)-ãî â
i−eñîñòîßíèå ìîæåò áûòü îïðåäåëåí ïî ôîðìóëå ui = u(τ−i )−u(τ−i−1). Àíàëîãè÷íûå
îáîçíà÷åíèß áóäåì èñïîëüçîâàòü è äëß äðóãèõ âåëè÷èí. Ðàññìîòðèì ïîñòàíîâêó è
ðåøåíèå çàäà÷è îá îáðàçîâàíèè k-ãî îòâåðñòèß â êîîðäèíàòàõ k-ãî ñîñòîßíèß.
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Îñíîâíûå óðàâíåíèß (â ñëó÷àå ïëîñêîé äåôîðìàöèè)
Óðàâíåíèå íåñæèìàåìîñòè ìîæåò áûòü çàïèñàíî â âèäå:
detΨ(0, t) = 1 (3)
Ãðàíè÷íûå óñëîâèß ìîãóò áûòü ïðåäñòàâëåíû â âèäå (j = 1, . . . , k, ãäå j = 1
ñîîòâåòñòâóåò âíåøíåìó êîíòóðó, îñòàëüíûå  êîíòóðàì îòâåðñòèé):
k
Nj ·
k∑
(t)
∣∣∣∣∣∣∣ kγj = −P
k
Nj ·
[
Ψ∗(τ−k , t)
]−1 · [Ψ(τ−k , t)]−1 (t ≥ τj) (4)
Ãåîìåòðè÷åñêèå ñîîòíîøåíèß èìåþò âèä:
Ψ(0, t) = Ψ(0, τ−k ) ·Ψ(τ−k , t) (5)
Ψ(τ−k , t) = I +
k
∇ u(t)−
k
∇ u(τ−k ), (6)
ãäå
Ψ(0, τ−k ) =
[
I -
k
∇ u(τ−k )
] - 1
(7)
Óðàâíåíèå ðàâíîâåñèß è îïðåäåëßþùèå ñîîòíîøåíèß [4] ìîãóò áûòü ïðåäñòàâ-
ëåíû â âèäå:
k
∇ ·
{[
Ψ∗(τ−k , t)
]−1 · σ(t)} = 0 (8)
σ(t) = Ψ∗(0, t) · µ
[
I − 1
3
[G(t) : I] [G(t)]−1
]
·Ψ(0, t)− p(t)I (9)
2. Ïîñòàíîâêà çàäà÷è â ïðèáëèæåíèßõ. Äëß ðåøåíèß çàäà÷è èñïîëüçîâàí
ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Â êà÷åñòâå ïàðàìåòðà q âûáðàíî îòíîøå-
íèå p/µ0.
Ðåøåíèå çàäà÷è îòûñêèâàåòñß â ïåðåìåùåíèßõ â âèäå ðßäîâ äëß ïåðåìåùåíèé
è äàâëåíèß:
u(t) = u(0) + u(1) + ..., u(i) ∼ qi−1 (10)
p(t) = p(0) + p(1) + ..., p(i) ∼ qi−1 (11)
Ïîñòàíîâêà çàäà÷è â ïðèáëèæåíèßõ â îáùåì âèäå äëß ïåðâîãî è âòîðîãî ïðè-
áëèæåíèé (âåðõíèé èíäåêñ â êðóãëûõ ñêîáêàõ ñïðàâà îò ñèìâîëà îçíà÷àåò íîìåð
ïðèáëèæåíèß, çàïèñü ãðàíè÷íûõ óñëîâèé âêëþ÷àåò óðàâíåíèß êàê äëß êîíòóðà
êàæäîãî îòâåðñòèß, òàê è äëß âíåøíåãî êîíòóðà):
Ëèíåàðèçîâàííîå óðàâíåíèå ðàâíîâåñèß (â ïðèáëèæåíèßõ)
∇ · L3
[
u(i)(t), p(i)(t)
]
= f (i)(t), (12)
Ëèíåàðèçîâàííîå óñëîâèå íåñæèìàåìîñòè (â ïðèáëèæåíèßõ)
∇ · u(i) = H(i)(t), (13)
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Ëèíåàðèçîâàííîå ãðàíè÷íîå óñëîâèå (j = 1,...k, ãäå j = 1 ñîîòâåòñòâóåò âíåø-
íåìó êîíòóðó, îñòàëüíûå - êîíòóðàì îòâåðñòèé)
Nj · L3
[
u(i)(t), p(i)(t)
]
|γj = Q
(i)
j (t), (t ≥ τj , j = 1, ..., k), (14)
ãäå [1]
H(1)(t) = −Ψ˜(1)(0, t) : I + 1
2
[
Ψ(0)(0, t) : Ψ(0)(0, t)
]
, (15)
Ψ˜(1)(0, t) = Ψ˜(1)(0, τ−k ) + Ψ˜
(0)(0, τ−k ) · Ψ˜(0)(τ−k , t), (16)
Q
(1)
j (t) = −
{
Nj ·
k∑
(1) (t)− PNj ·
[
Ψ(0)(τ−k , t) + Ψ
(0)∗(τ−k , t)
]
} |γj , (t ≥ τj) (17)
f (0)(t) = 0 (18)
Q
(0)
j (t) = −PNj(j = 1, ...., k) (19)
u(o)(t) è p(o)(t) ìîãóò áûòü ïðåäñòâëåíû â âèäå:
u(o)(t) = C0,0(t)U (0,0) + C0,1(t)U (0,1) + ...C0,k(t)U (0,k), (20)
p(o)(t) = D0,0(t)P (0,0) +D0,1(t)P (0,1) + ...D0,k(t)P (0,k), (21)
ãäå U (0,j), P (0,j) - ðåøåíèß êðàåâûõ çàäà÷, èìåþùèå âèä:
Äëß j = 1
∇ · L∗
[
U(0,1), P (0,1)
]
= 0 (22)
∇ ·U(0,1) = 0 (23)
N1 · L∗
[
U(0,1), P (0,1)
]
|γ1 = −N1 ·
{
L∗
[
U(0,0), P (0,0)
]
+ PI
}
|γ1 (24)
ãäå
L∗ [U, P ] = µ0
[
(∇U + U∇)− 23 (∇ · U)I
]
− PI. (25)
(21)-(25) ïðåäñòàâëßþò ñîáîé ÷àñòíûé ñëó÷àé ëèíåàðèçîâàííîé óïðóãîé çàäà÷è
äëß íåñæèìàåìîãî ìàòåðèàëà.
Äëß j ≥ 2
∇ · L∗
[
U(0,j), P (0,j)
]
= 0 (26)
∇ ·U(0,j) = 0 (27)
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Ni · L∗
[
U(0,j), P (0,j)
] ∣∣∣γi = 0 (l = 1,.....j - 1) (28)
Nj · L∗
[
U(0,j), P (0,j)
] ∣∣∣γi = −Nj

j - 1∑
v=0
L∗
[
U (0,v), P (0,v)
]
+ PI
∣∣∣γj . (29)
Óðàâíåíèß (26)-(29) ïðåäñòàâëßþò ñîáîé ÷àñòíûé ñëó÷àé ëèíåàðèçîâàííîé óï-
ðóãîé çàäà÷è äëß íåñæèìàåìîãî ìàòåðèàëà.
Èòàê, ðåøåíèå çàäà÷è (12)-(14) äëß íóëåâîãî ïðèáëèæåíèß ìîæåò áûòü ñâåäåíî
ê ðåøåíèþ êîíå÷íîãî ÷èñëà ëèíåàðèçîâàííûõ óïðóãèõ çàäà÷ ñ ïîñòîßííûìè (íå
çàâèñßùèìè îò âðåìåíè) êîýôôèöèåíòàìè. Ïîñëå òîãî, êàê ýòè çàäà÷è ðåøåíû,
îêîí÷àòåëüíîå ðåøåíèå ìîæåò áûòü ïîëó÷åíî ïî ôîðìóëàì (21)-(29) äëß íóëåâîãî
ïðèáëèæåíèß. Ïîäîáíûì îáðàçîì ìîæåò áûòü ïîñòðîåíî ðåøåíèå è äëß ïðèáëè-
æåíèé áîëåå âûñîêîãî ïîðßäêà.
3. Àëãîðèòì ðåøåíèß ëèíåàðèçîâàííîé çàäà÷è òåîðèè óïðóãîñòè. Ñî-
îòíîøåíèß äëß íåñæèìàåìûõ ìàòåðèàëîâ (â ñëó÷àå ïëîñêîé äåôîðìàöèè):
∇ · L2[u, p] = f, (30)
∇ · u = h (31)
N · L2[u, p] |ã = Q, (32)
N · L2[u, p] |ãâí = Qâí, (33)
ãäå èíäåêñ ¾âí¿ îçíà÷àåò âíåøíþþ ãðàíèöó òåëà, è
L2[u, p] = µ(1− β)(∇ · u)I + µ(∇u− u∇)− pI (34)
Îáîçíà÷èì ÷åðåç TI , TII ñëåäóþùèå êîìáèíàöèè êîìïîíåíò (â äåêàðòîâîé ñè-
ñòåìå êîîðäèíàò) íåêîòîðîãî òåíçîðà âòîðîãî ðàíãà:
TI = T11 + T22 + i(T21 − T21)
TII = T11 − T22 + i(T12 + T21)
Ñ ó÷åòîì ïðèâåäåííûõ îáîçíà÷åíèé óðàâíåíèß è ãðàíè÷íûå óñëîâèß ëèíåàðè-
çîâàííîé çàäà÷è ìîãóò áûòü çàïèñàíû â êîìïëåêñíîé ôîðìå ñëåäóþùèì îáðàçîì
(èñïîëüçóåòñß ìåòîä Êîëîñîâà-Ìóñõåëèøâèëè [3]):
∂SII
∂z
+
∂SI
∂z
= 2F (35)
∂ω
∂z +
∂ω
∂z
= H (36)
NSI +NSII |Γ = 2Q |Γ (37)
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NSI +NSII | Γâí = 2Q | Γâí. (38)
SI = 2µ(2− β)(∂ω
∂z
+
∂ω
∂z
)− 2p,SII = 4µ(∂ω
∂z
) (39)
Ðåøåíèå ëèíåàðèçîâàííîé êðàåâîé çàäà÷è îòûñêèâàåòñß â âèäå:
ω = ωH + ωîäí, p = pH + pîäí,
S = SH + Sîäí, (40)
ãäå ωH , pH , SH - íåêîòîðîå ÷àñòíîå ðåøåíèå ëèíåàðèçîâàííîé çàäà÷è, ωîäí, pîäí,
Sîäí- ðåøåíèå ëèíåàðèçîâàííîé çàäà÷è äëß îäíîðîäíîé ñèñòåìû óðàâíåíèé.
Â ñëó÷àå ïëîñêîé äåôîðìàöèè íåñæèìàåìîãî ìàòåðèàëà ÷àñòíîå ðåøåíèå ìî-
æåò áûòü íàéäåíî ïî ôîðìóëàì:
pH = µ(3− β)H − 12
(∫
Fdz +
∫
Fdz
)
(41)
ωH =
1
4µ
(
∫∫
Fdzdz −
∫∫
Fdzdz) +
1
2
∫
Hdz (42)
SIH = 2µ(2− β)H − 2pH , SIIH = 4µ
∂ωH
∂z
(43)
Ðàññìîòðèì òåïåðü ðåøåíèå ëèíåàðèçîâàííîé êðàåâîé çàäà÷è äëß îäíîðîäíîé
ñèñòåìû óðàâíåíèé. Ýòî ðåøåíèå ìîæåò áûòü íàéäåíî ñ ïîìîùüþ êîìïëåêñíûõ
ïîòåíöèàëîâ Êîëîñîâà-Ìóñõåëèøâèëè Φ(z),Ψ(z) [3], êîòîðûå ßâëßþòñß àíàëèòè-
÷åñêèìè ôóíêöèßìè êîìïëåêñíîé ïåðåìåííîé z â îáëàñòè, çàíèìàåìîé òåëîì, è
îïðåäåëßþòñß èç ãðàíè÷íûõ óñëîâèé ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è. Âûðàæå-
íèß äëß íàïðßæåíèé ÷åðåç êîìïëåêñíûå ïîòåíöèàëû èìåþò âèä:
SIîäí = 2
[
Φ(z) + Φ(z)
]
, SIIîäí = −2
[
Ψ(z) + zΦ/(z)
]
(44)
Êîìïëåêñíûé âåêòîð ïåðåìåùåíèé âûðàæàåòñß ÷åðåç êîìïëåêñíûå ïîòåíöèàëû
ñëåäóþùèì îáðàçîì:
ωîäí =
1
2G
[∫
Φ(z)dz − zΦ(z)−
∫
Ψ(z)dz
]
, (45)
Òàêæå:
pîäí = −
[
Φ(z) + Φ(z)
]
, (46)
Ãðàíè÷íûå óñëîâèß ïðåäñòàâëßþòñß â âèäå:
N(z)
[
Φ(z) + Φ(z)
]
−N(z)
[
Ψ(z) + zΦ/(z)
]
Γâí = Qâí (47)
Âåêòîð ïîâåðõíîñòíîé ñèëû íà Ãâí:
Fx + iFy = (Fn + iFt)N,Fn + iFt =
−
N(Fx + iFy) (48)
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Fn + iFt = Φ(z) + Φ(z)−N2(z)
[
Ψ(z) + zΦ/(z)
]
Ãâí (49)
Fn + iFt = Φ(σ) + Φ(σ)− 1
σ2ω/(σ)
[
ω/(σ)Ψ(σ) + ω(σ)Φ/(σ)
]
(50)
ãäå z = ω(ζ) = c1ζ+ c2ζ2+ ... - ôóíêöèß, îïðåäåëßþùàß êîíôîðìíîå îòîáðàæåíèå.
Êîìïëåêñíûå ïîòåíöèàëû Φ(z),Ψ(z) íàõîäßòñß èç âûðàæåíèé:
w/(ζ)Φ(ζ) + p/n(ζ) =
1
2pii
∫
γ
F (θ)
σ − ζ dσ (51)
w/(ζ)Ψ(ζ) =
1
ζ2
(
−
w/(
1
ζ
)Φ(ζ)− ζ2 −w(1
ζ
)Φ/(ζ)−
−
p/n(
1
ζ
))− 1
2pii
∫
γ
−
F (θ)
σ2(σ − ζ)dσ,
(3.22)
ãäå p/n(ζ) - ãîëîìîðôíàß ÷àñòü ôóíêöèè w(ζ)
_
Φ( 1ζ ),
F (θ) = (Fn + iFt)ω/(σ),
_
F (θ) = (Fn − iFt)
_
ω/(
1
σ
) (52)
Çàêëþ÷åíèå. Òàêèì îáðàçîì, èçëîæåííûé ïîäõîä, îñíîâàííûé íà ìåòîäå
ìàëîãî ïàðàìåòðà è íà ìåòîäå Êîëîñîâà-Ìóñõåëèøâèëè, ïîçâîëßåò ðåøàòü çàäà÷è
òåîðèè íàëîæåíèß áîëüøèõ âßçêîóïðóãèõ äåôîðìàöèé äëß òåë êîíå÷íûõ ðàçìå-
ðîâ.
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